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Abstract 

Let M be a closed surface and / a diffcomorphism of M. A diffcomorphism is said to 
permute a dense collection of domains, if the union of the domains are dense and the iterates 
of any one domain are mutually disjoint. In this note, we show that if / € Diff 1+Q (M), with 
a > 0, and permutes a dense collection of domains with bounded geometry, then / has zero 
topological entropy. 

1 Definitions and statement of results 

A result of A. Norton and D. Sullivan [7] states that a diffeomorphism / € Diff^T 2 ) having 
Denjoy-type can not have a wandering disk whose iterates have the same generic shape. By 
diffeomorphisms of Denjoy-type are meant diffeomorphisms of the two-torus, isotopic to the 
identity, that are obtained as an extension of an irrational translation of the torus, for which the 
semi-conjugacy has countably many non-trivial fibers. If these fibers have non-empty interior, 
then the corresponding diffeomorphism has a wandering disk. Further, by generic shape is 
meant that the only elements of SL(2,Z) preserving the shape are elements of SO(2,Z), such 
as round disks and squares. In a similar spirit, C. Bonatti, J.M. Gambaudo, J.M. Lion and 
C. Tresser in [I] show that certain infinitely renormalizable diffeomorphisms of the two-disk 
that are sufficiently smooth, can not have wandering domains if these domains have a certain 
boundedness of geometry. 

In this note, we study an analogous problem, namely the interplay between the geometry 
of iterates of domains under a diffeomorphism and its topological entropy. To state the precise 
result, we first need some definitions. Let (M,g) be a closed surface, that is, a smooth, closed, 
oriented Riemannian two-manifold, equipped with the canonical metric g induced from the 
standard conformal metric of the universal cover P 1 , C or B 2 . We denote by d(-, •) the distance 
function relative to the metric g. Let DifF* (M) be the group of diffeomorphisms of M, where for 
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r > finite, / is said to be of class C r if / is continuously differentiable up to order [r] and the 
[r]-th derivative is (r)-Holder, with [r] and (r) the integral and fractional part of r respectively. 
We identity Diff°(M) with Homeo(M), the group of homeomorphisms of M. 

Given / £ Homeo(M), for each n > 1, define the metric d n on M given by d n (x,y) = 
max 1 <j< n {(i(/*(x), f l (y))}. Given e > 0, a subset U C M is said to be (n,e) separated if 
d n (x, y) > e for every x,y € f7 with x ^ y. Let iV(n, e) be the maximum cardinality of an (n, e) 
separated set. The topological entropy is defined as 



Next, we make precise the notion of a homeomorphism of a surface permuting a dense collection 
of domains. 

Definition 1.1. Let 5cMbe compact and T> := {D k } k£ % the collection of connected com- 
ponents of the complement of S, with the property that Int(Cl(.D&)) = D k , where Cl(D) is the 
closure of D in M. We say / E Homeo(M) permutes a dense collection of domains if 

(1) f{S) = S and Cl(D k ) D Cl(£>y) = if k + k', 

(2) for every fceZ, f n (D k ) C\D k = $ for all and 

(3) (Jfcez is dense in M. 

Note that we do not assume a domain to be recurrent, nor do we assume the orbit of a single 
domain to be dense. A wandering domain is a domain with mutually disjoint iterates under / 
such that the orbit of the domain is recurrent. Thus a diffeomorphism with a wandering domain 
with dense orbit is a special case of definition 11.11 Denote exp p : T p M— >M the exponential 
mapping at p € M. The injectivity radius at a point p £ M is defined as the largest radius 
for which exp p is a diffeomorphism. The injectivity radius t(M) of M is the infimum of the 
injectivity radii over all points p £ M. As M is compact, i{M) is positive. 

Definition 1.2 (Bounded geometry). A collection of domains {D k } n ^ on a surface M is said 
to have bounded geometry if the following holds: Cl(D k ) is contractible in M and there exists 
a constant (3 > 1 such that for every domain D k in the collection, there exist p k G D k and 
< r k < R k such that 



where B(p,r) C M is the ball centered at p € M with radius r > 0. If no such (3 exists, then 
the collection is said to have unbounded geometry. 




B{p k ,r k QD k Q B(p k ,R k ), with R k /r k < (3, 



(1) 
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By Cl(-Dfc) being contractible in M we mean that Cl(Dk) is contained in an embedded 
topological disk in M. Our definition of bounded geometry is equivalent to the notion of bounded 
geometry in the theory of Kleinian groups and complex dynamics. It is not difficult, given a 
surface of any genus, to construct homeomorphisms of that surface with positive entropy that 
permute a dense collection of domains. We show that producing examples that have a certain 
amount of smoothness is possible only to a limited degree. 

Theorem A (Topological entropy versus bounded geometry). Let M be a closed surface and 
f € Diff 1+Q (M), with a > 0. If f permutes a dense collection of domains with bounded geometry, 
then f has zero topological entropy. 

The outline of the proof of Theorem A is as follows. First we show that the bounded 
geometry of the permuted domains, combined with their density in the surface, give bounds on 
the dilatation of / on the complement of the union of the permuted domains. The differentiability 
assumptions on / allow us to estimate the rate of growth of the dilatation on the whole surface 
M. Using a result by Przytycki [8], we show this rate of growth is slow enough so as to ensure 
the topological entropy of / is zero. 

2 Entropy and diffeomorphisms with wandering domains 

First, we study the relation between geometry of domains and the complex dilatation of a 
diffeomor phism . 

2.1 Geometry of domains and complex dilatation 

We denote A the measure associated to g and dX the Riemannian volume form. By compactness 
of M, there exists a constant k > such that 



where B{p, r) C M is the ball centered at p with radius r < l(M)/2. A sequence of positive real 
numbers Xk is called a null-sequence, if for every given e > there exist only finitely elements 
of the sequence for which Xk > e. Henceforth, we denote tk := diam(Dfc), the diameter of 
measured in g, with Dk 6 T>. 

Lemma 2.1. Let (M,g) be a closed surface and let {Dk}kez be a collection of mutually disjoint 
domains with bounded geometry. Then the sequence £k is a, null- sequence. 

Proof. Suppose, to the contrary, that {Dk}k& is not a null-sequence. Then there exist an e > 
and an infinite subsequence kt such that diau^D^) > e. By the bounded geometry property, 




(2) 
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we have that diam(Z?fc t ) < 0rk t and therefore r/. t > e/(3. Therefore, by ([2]) 



X(D kt ) > Kr 2 kt > - T , 



for every t £ Z. But this yields that 



contradicting the fact that A(M) < oo as M is compact. 



□ 



Recall that S is the complement of the union of the permuted domains, i.e. S = M\[J k£Z 

Lemma 2.2. Let f £ Homeo(M) permute a dense collection T> of domains with bounded geom- 
etry. For every p £ S, there exists a sequence of domains Dk t with diam(Dfc t )— >0 for i— >oo such 
that Dk t ^>p. 

Proof. Fix p £ S and let U C M be an open (connected) neighbourhood of p. First assume that 
p £ S \ {J keZ dDk. This set in non-empty, as otherwise the surface M is a union of countably 
many mutually disjoint continua; but this contradicts Sierpihski's Theorem, which states that 
no countable union of disjoint continua is connected. We claim that U intersects infinitely many 
different elements of T>. Indeed, if U intersects only finitely many elements D^, D^, then 
O := IJ^Li C1(Z?^ ) is closed. This implies that U \ Q is open and non-empty, as otherwise M 
would be a finite union of disjoint continua, which is impossible. However, as the union of the 
elements of T> is dense, U\£l can not be open. Thus, there are infinitely many distinct elements 
D^jDfo, ... of T> that intersect U. Taking a sequence of nested open connected neighbourhoods 
Ut containing p, we can find elements D^ t C Ut\ Ut+i for every t > 1. By Lemma [2. 11 d\am.{D^ t ) 
is a null-sequence and thus we obtain a sequence of domains Dk t with diam(Dfc t )— >0 for t— >oo 
such that D^ t — >p. 

As Int(Cl(Z)fc)) = Dk, given p £ dD^ and given any neighbourhood U 3 p, U has non-empty 
intersection with M \ Cl(-Dfc). By the same reasoning as above, p is again is a limit point of 
arbitrarily small domains in the collection T>. Thus we have proved the claim for all points p £ S 
and this concludes the proof. □ 

Next, we turn to the complex dilatation of a diffeomorphism / £ Diff(M) and its behaviour 
under compositions of diffeomorphisms, see e.g. [1]. We first consider the case where / £ Diff(C). 
The complex dilatation \it of / is defined by 



M/ :C-ID) 2 , fM f (p) = f(p) 



(3) 



Jz 



and the corresponding differential 



M/(P) 



dz 
dz 



(4) 
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is the Beltrami differential of /. The dilatation of / is defined by 
which equals 

max, |-D/ P (i;)| . . 

where v ranges over the unit circle in T p C and the norm | • | is induced by the standard (conformal) 
Euclidean metric g on C. Denote [•, •] be the hyperbolic distance in B 2 , i.e. the distance induced 
by the Poincare metric on B 2 . When one composes two diffeomorphisms f,g: C^C, then 

{) = Vf(p)+ d f(p)Vg(f(p)) (7) 
where 9f(p) = j^{p)- It follows that 

„ fn+1 {p)= Mp) + Qf(p)^(f(p)) (8) 

1+ fJ,f(p)e f (p)fJ,fn(f(p)) 
M S o/0) = T Hf(p)^f(p)fMg(fip))) (9) 

T a (z) = E M6b(B 2 ) (10) 

1 + az 

is an isometry relative to the Poincare metric, for a given a £ B 2 . Further, the following relation 
holds 

log(^ o/ -i(/(p))) = ^(p),/x/(p)] • (11) 

To define the complex (and maximal) dilatation of a diffeomorphism of a surface M, we 
first lift / : M— >M to the universal cover / : M— >M and denote tt : M^M be the corresponding 
canonical projection mapping, where M = M/T, with T a Fuchsian group. We assume here 
that M is either C or D 2 , the trivial case of the sphere P 1 is excluded here. As it is an analytic 
local diffeomorphism, / is a diffeomorphism. Further, as M is compact, / is i^T-quasiconformal 
on M for some K > 1 and thus / is K-quasiconformal on M. Since / o/io/ -1 is conformal for 
every h G T, it follows from (|7|) that 

Vj{p)=^j{h(p))^-{p). (12) 

In other words, [ij defines a Beltrami differential on M for the group T, or equivalently, it defines 
a Beltrami differential for / on the surface M. Furthermore, the same formulas (0) and ([B]), 



We can rewrite (JT]) as 
where 
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defined relative to the canonical (conformal) metric denned on M, hold for the dilatation Kf of 
/ on M. 

The following lemma shows that the bounded geometry assumption of the domains has a 
strong effect on the dilatation of iterates of / on S. We say / has uniformly bounded dilatation 
on S C M, if Kfn(p) is bounded by a constant independent of n £ Z and p £ S. 

Lemma 2.3 (Bounded dilatation). Let f £ Diff 1 (M) permute a dense collection of domains T>. 
If the collection T> has bounded geometry, then f has uniformly bounded dilatation on S. 

Proof. Suppose the collection of domains V = {-Dfcjfcez has /3-bounded geometry for some (3 > 1. 
Fix N £ Z and p £ S and take a small open neigbhourhood U C M containing p. By Lemma [2 .21 
there exists a subsequence of domains Dfa, where \kt\— >oc and diam(Djt t )^0 for t—>oo and such 
that D kt ^p. Denote q = f N (p) £ S. We may as well assume that for all t > 1 the domains 
-Dfc t are contained in U. Define D' k := f N (Dj tt ). If we denote U' = f N (U), then the sequence 
D' k converges to q and D' k C V. By the bounded geometry assumption, for every t > 1, there 
exists pt £ Dk t an d < r t < Rt such that 

B(p t ,r t )CD kt CB(p u R t ) 

with Rk/rk < (3. As / € Diff 1 (M), the local behaviour of around q converges to the behaviour 
of the linear map Df^ . In particular, if we take pt G Dk t , then pt—>p and thus qt := f N {qt)^1, 
and in order for all D' k to have /3-bounded geometry, it is required that 

^(p) < 

Indeed, this is easily seen to hold if the map acts locally by a linear map and is thus sufficient as 
/ G Diff^M) and the increasingly smaller domains approach q. As R/r < (5, we must therefore 
have Kjn(p) < (3 2 . As this argument holds for every (fixed) N £ Z and every p £ S, we find (3 2 
the uniform bound on the dilatation on S. □ 

Our smoothness assumptions on / allow us to give bounds on the (complex) dilatation of 
iterates of / on M in terms of the diameters of the permuted domains. 

Lemma 2.4 (Sum of diameters). Let f £ Diff 1+Q (M) ; with a > 0, which permutes a collection 
of domains T> = {Dk}keZ with (3-bounded geometry. Then there exists a constant C = C{(3) > 
such that, if p £ Dt (for some t £ 7L) and q £ dDt, then 

t+n 

[fi fn+ i(p),V fn+ i(q)] <C- (13) 

s=t 

where the domains are labeled such that f s (Dt) = Dt+ S - 
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To prove Lemma 12.44 we use the following. 
Lemma 2.5. Let f G Diff 1 (M) and p ,q G M. Then 

n 

[(i f n+l(po),fJ, f n+l(q )] <^[r M/ (p,)(0/(p,)M/n-.(? a+ l)),T M/( , a )(e / (ft)^-.(ft + l)) , (14) 

s=0 

where p s = f s (p ) and q s = f s (q ). 
Proof. Using Q, we write 

[/x / «+i(po),M/n+i(g )] = T flf(po) (e f (po)fJ.fn(pi)),T flfiqo) (e f (q Q )n f n(q 1 )) 

By the triangle inequality, we thus have the following inequality 

[n fn +i(po),fJ.fn+i(q )] < T flf{po) (e f (p Q )nfn(p 1 )),T flf(:po) (6f(po)fJ,fn(qi)) 

+ T ^ f (po)( e f(Po)f 1 f n ( ( li))^ T ^ f (q )( e f( ( lo)fJ'f«(qi)) ■ 

As both T a (as defined by (|10p) and rotations are isometries in the Poincare disk, we have that 

T ^ f (Po)( 6 f(po)^r(pi)), T fM f {p )(Sf{po)^r(qi)) = [nr(pi),vr(qi)] ■ 

Inequality (|14p now follows by induction. □ 



As dD t C S, by Lemma EH ^j n -a (q s +i) € B$, with B$ C B 2 the compact hyperbolic disk 
centered at 6 D 2 with radius 

B 2 - 1 

(15) 



Further, define 



/3 2 + l 



5' = sup \fif(p)\ < 1, 



(16) 



and let By C B 2 be the compact hyperbolic disk centered at G B 2 and radius 5' . 
Lemma 2.6. There exists a constant Ci(5,5') such that 

[T a (z),T b (z)] <d[a,b], (17) 

for given a, b G By and z G B§. 
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Proof. First we observe that there exists a constant < 5" < 1 (depending only on 8 and 8'), 
such that [T a (z),0] < 8", for every a G By and every z £ Bj, as the disks By By C D 2 are 
compact. Define 8 = max{5, J', 8"} and -Bj C B 2 the compact disk with center £ B 2 and 
radius 8. 

As the Euclidean metric and the hyperbolic metric are equivalent on the compact disk B$, 
it suffices to show that there exists a constant C{(<5) such that 



\T a (z)-T b (z)\<C[\a-b\ 



(18) 



where \z — w\ denotes the Euclidean distance between two points z,w £ D 2 . Indeed, if this is 
shown then (|17p follows for a constant C\ which differs from C{ by a uniform constant depending 
only on 8. To prove (fTHj) . we compute that 



\T a (z) - T b (z) 



(a — b) + (ab — ab)z + (b — a)z 2 



(19) 



(1 + az)(l + bz) 

As a, b G .By and z £ B5, there exists a constant Qi(5, 5') > so that 

|(l + oz)(l + 6«)| >Qi. 

Therefore, it holds that 

\T a (z) - T b {z)\ < Qt (\a -b\ + 5'\ab - ab\ + {5'f\a - b\) . 

In order to prove (|18p . we show there exists a constant Q2(5') > such that 

\ab — ab\ < Q2\a — b\. 

To this end, write a = re 1 ^ and b = r'e 1 ^' and x = ab, so that x = rr'e lv with v 
may assume that v € [0, tt). It follows that ab — ab = x — x = 2irr' sin(i/). Therefore, 

|a6 — ab\ = \x — x\ = 2rr' sin(z^) < 25'r sin(i/), (22) 



(20) 

(21) 
b'. We 



as r' < 5' . As the angle between the vectors a, b G By is ^, it is easily seen that \a— b\ > r sin(z^). 
Combining this estimate with (|22p. we obtain that 



\ab - ab\ < 28'rsm(u) < 25'\a - b\. 



(23) 



Setting Q2 = 25' yields (|2ip . If we now combine (|23p in turn with ()20p . we obtain a uniform 
constant 

C{(8, 8') = Qx(l + 5'Q 2 + (<5') 2 ) = Qi(l + 3(5') 2 ) 

□ 



for which (fT8|l holds, as required. 
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Proof of Lemma\K4\ As / G Diff 1+Q (M), we have that fi f (p) £ C Q (M,B 2 ) and 9 f G C Q (M,C), 
are uniformly Holder continuous by compactness of M. By the triangle inequality, we can 
estimate the summand in the right-hand side of (|14|) of Lemma 12.51 as 



< 
+ 



T v, f (p s ){8f{Ps)fJ'f".-s(q s +i)),T IXf{ g s) (9 f (q s )fj, fn -s(q s+ i)) 

T l lf(ps)( f(Ps)f J 'f—( < ls + l)),T flf{qs) (e f (p s )fl f n-s(q s + 1 )) 

(6f(p a )pfn-.(q a+1 )),Tp f fa)(Pf(q,)iifn-3(q a+1 )) \ . 

To estimate ([25]) . define 

z s := 9f(p s )nfn-s(q s+ x) G £5 and a s = fj>f(p s ),b s = Hf(q s ) G £5/ C D 2 . 
Then ([25]) reads 

T M/(p,)( ,9 /(^)^/™- s (^+l))' r M/(9 S )( 6 '/(^)/ X /"- fl (^+l)) = [ T a s (^)> T b s (^)] 

By Lemma |2.6[ there exists a constant C\ > such that 

[T 0s (^),T 6a (z s )] < Ci[a s ,6 s ]. 
By Holder continuity of there exists a constant Cx such that 

[a„b 8 ] <Ci(d( Ps ,q s )) a . 
Therefore, combining equations (I27h . (|28[) and (I29p . we obtain that 



(24) 
(25) 
(26) 



T ti } iPs)( e f(.Ps)^r-4Qs+i)),T flf{qs) (e f (p s )fi f ns(q s+1 )) 



< c 



(27) 
(28) 
(29) 
(30) 



as d(p s ,q s ) < £ t+s , with C x := G\C\. 

To estimate (f2l?j) . we note that the hyperbolic distance and the Euclidean distance are equiv- 
alent on the compact disk B$. Therefore, as the (Euclidean) distance between a point z G B$ 
and e l ^z is bounded from above by a constant (depending only on 8) multiplied by the angle 
|</>|, by Holder continuity of Of there exists a constant C 2 (5), such that 

[e f (p)z,0 f (jpf)z] <c 2 (d(p,p')) a , 

for all z G -6,5 and p,p' G M, using the local equivalence of the hyperbolic and Euclidean metric. 
Hence, (f26|) reduces to 

[ef(p.) l i f n-.(q.+ 1 ),9f(q,)ii f n-.(q, +1 )] < C 2 d(p s ,q s )) a < C 2 £? +s , (31) 

as d(p s ,q s ) < lt+s- Therefore, if we set C := C\ + C 2 , then (fT3|) follows. □ 
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2.2 Upper bounds on the entropy of a surface diffeomorphism 

Next, we relate the topological entropy of a diffeomorphism to its dilatation. 
Lemma 2.7 (Entropy and dilatation). Let f G Diff 1+a (M) with a > 0. Then 

htop(f) < lim sup-!- log I Kfn(p)dX(p), (32) 
n^oo 2n Jm 

with Kf the dilatation of f. 

To prove this we use a result of F. Przytycki [8]. We need the following notation. Let 
L : M. m ^M. m be a linear map and L kA : ]g m/ ^ k ^]g mAk the induced map on the k-th exterior 
algebra of R m . L A denotes the induced map on the full exterior algebra. The norm ||L fcA || of 
L k has the following geometrical meaning. Let Volk(vi, ...,v k ) be the /c-dimensional volume of a 
parallelepiped spanned by the vectors v±,...,v k , where Vi € R m with 1 < i < k. Then 

II rfcAll 

Vol k (L( Vl ),...,L{v k )) 

\\Li — SUp — r , (66) 

Vi£R m ^0\ k (v 1 ,...,V k ) 

\\L A \\ = max ||L fcA ||. (34) 

l<k<m 



Further, let 



\L\\ = sup |L(v)|, (35) 

\v\=l 



the standard norm on operators, with v € M m and | • | induced by the corresponding inner 
product on M m . The following result is due to F. Przytycki [8] (see also [3]). 

Theorem 2.8. Given a smooth, closed Riemannian manifold M and f G Diff 1+a (Af) with 
a > 0. Then 

W/) < lim sup-log f \\(Df n ) A \\dX(p). (36) 
rwoo n J M 

where h top (f) is the topological entropy of f, X is a Riemannian measure on M induced by a 
given Riemannian metric, Df nA is a mapping between exterior algebras of the tangent spaces 
T p M and Tjn^M , induced by the Df™ and \\ ■ \\ is the norm on operators, induced from the 
Riemannian metric. 



Proof of Lemma\2l[ Fix p G M and let Df™ : T p M^T fn{p) M . Then 

\\DfZ\\ 2 = K fn (p)J fn (p). 

Thus 



ll(£>/p) 1A || = y/Kf*(p)Jf*(p), and ||0D/;) 2A || = J f n(p). (37) 
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It follows that 

|| (Dff) A || = max ( y/K fn (p)J f n (p) , J fn (p) X . (38) 



As 



maX | ^K f n(p)J f n(p), Jfn (p) | < ^Kfn{p)Jfn{p) + Jfn (p) , 

we have that 

/ \\(DfZ) A \\d\(p) < [ (y/Kjjf: + j fn ) dx 

Jm Jm v ' 

= X(M) + / y/ KfnJfndX 

Jm 

as A(M) = f M JfndX, for every neZ. Either J" M 'KfnJfndX is bounded as a sequence in n, 
in which case (f32|) holds trivially, or the sequence is unbounded in n, in which case it is readily 
verified that 

lim sup — log f X(M) + / \fTC^JtndX ] = lim sup — log / \/Ktn JfndX. 
n-*oc n V Jm J n ^°° ™ Jm 

By the Cauchy-Schwartz inequality, we have that 



and thus, 

lo; 

It now follows that 



yj KfnJfndX < \/ X{M) - J KfndX. 

m V Jm 



g / a/ 'KfnJfndX < - log A(M) + - log / KfndX. 

Jm 1 1 Jm 



lim sup-log / \\(Df n ) A \\dX < lim sup — log f KfndX. 
n^oo n J M n^oo 2n J M 

and this proves ([32]) . □ 



2.3 Proof of Theorem A 

Let us now complete the proof. Let / € Diff^ +Q (M), with a > 0, and suppose that / permutes 
a dense collection of domains {Dk}k£Z with bounded geometry. By Lemma [27T] the sequence 
Ik is a null-sequence. Therefore, is a null-sequence as well, for every a > 0. Let p £ D t for 
some i € Z and q 6 and label the domains such that f s (D t ) = D t + S - By (fTT|) . 

\ogK f n(f(p)) = [fi f n+i(p),n f (p)} 
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and thus, by the triangle inequality, 

log Kfn(f(p)) < [n fn +i(p),Hf^-i(q)] + [(i fn+ i(q),nf(p)] (39) 
As the second term in the right hand side of (|39[) stays uniformly bounded, we have that 

logK fn (f(p)) < [^(p),^!^] +C (40) 
for some constant C > 0, independent of p € M and n £ Z. Define 

n 

£(n) = maxj^ 
i=0 

where the maximum is taken over all collections of n + 1 distinct elements {-t>fc , D^} of P. 
As is a null-sequence, we have that 

£(n) 

lim sup ^—^ = 0. (41) 

By Lemma 12.41 we have that 

t+n 

[li fn +i(p),iJ lf n+i(q)] <C-J2^, 

s=t 

for some constant C > 0. Combined with (j40f) . we obtain the following uniform estimate 

logK r (f(p))<Can)+C, (42) 
for every p € M and n G Z. Therefore 

log/ i^/ndA < log/ exp(C£(n) + C')dA (43) 

= log ((exp(C£(n) + C")A(M)) (44) 
= C£(n) + C" + log(A(M)). (45) 

Combining (|45[) in turn with Lemma |2 , 71 yields 

1 f £(n) 
htop(f) < hm sup — log / KfndX < C lim sup— — = 0, (46) 
n— >oo 2n Jm n^oo 2n 

by (|4ip . This proves Theorem A. 
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3 Concluding remarks 



The proof of Theorem A, more precisely condition (|4ip in section [231 fails in the case where the 
Holder constant a = 0. This leads to the following natural 

Question 1 (Differentiable counterexamples). Do there exist diffeomorphisms f G Diff 1 (M) 
with positive entropy that permute a dense collection of domains with bounded geometry? 
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